We present a new robust decoupling scheme suitable for levels with either half integer or integer angular momentum states. Through continuous dynamical decoupling techniques, we create a protected qubit subspace, utilizing a multi-state qubit construction. Remarkably, the multi-state system can also be comprised of multiple sub-states within a single level. Our scheme can be realized with state-of-the-art experimental setups and thus has immediate applications for quantum information science. While the scheme is general and relevant for a multitude of solid state and atomic systems, we analyze its performance for the case composed of trapped ions. Explicitly, we show how single qubit gates and an ensemble coupling to a cavity mode can be implemented efficiently. The scheme predicts a coherence time of ∼ 1 second, as compared to typically a few milliseconds for the bare states.
Introduction.-Protecting quantum bits (qubits) from decohernece due to interactions with their environment is a prime issue of experimental quantum information science. In the case of solid state and atomic qubits systems, the presence of ambient magnetic field fluctuations is in particular a problem. Consequently, several methods have been put forward to tackle this problem. The traditional solution is to utilize either a two-level subsystem of two integer total angular momentum states, which to first order has no Zeeman shifts [1] [2] [3] , or a twolevel system composed of two hyperfine states with identical first order shifts [4, 5] . A third way is to use decoherence free subspaces [6] [7] [8] , which requires spatially separated physical qubits to represent a single logic qubit and thus incurs considerable overhead, and is potentially vulnerable to decoherence due to field gradients.
Dynamical decoupling is another general strategy to tackle this problem [9] . The pulsed version was proven to be extremely efficient [10, 11] ; however, it may require complex pulse sequences. The continuous version of dynamical decoupling [12] is based on spin locking [13] , where a continuous drive protects the system from external noise and weaker continuous pulses improves its robustness [14] . Continuous dynamical decoupling could be combined in a natural way with gates [15] and could improve the coupling efficiency to superconducting cavities [16] . However, both versions require composite schemes to overcome both the external (magnetic) noise and the controller (optical/microwave/rf) noise. A four level structure composed of the magnetic substates of two hyperfine levels with F = 0 and F = 1 has been designed to be perfectly robust to control fluctuations in conjunction with composite schemes [17] , but this method is only applicable for this particular spin system.
In this Letter we present a new and general method for the construction of a protected and robust qubit subspace. The method utilizes a multilevel structure, on which continuous dynamical decoupling fields are applied. Our method is suitable for a wide range of solid state and atomic systems, and it is applicable to a variety of tasks in the field of quantum information science and quantum sensing, in particular, quantum magnetometery and quantum memories. The method can be implemented with state of the art technology, and should be able to push the T 2 time to the T 1 limit.
The general scheme.-The general scheme defines the protected subspace which we denote by {|D i }. In the following J is the angular momentum operator, H d is the (continuous) driving Hamiltonian, H D is the Hilbert subspace of the protected (and hence dark) states and H ⊥ is the complementary Hilbert space, that is, H = H D ⊕ H ⊥ . We define the protected subspace by From the definition of the protected subspace we can also study the evolution within the subspace. Transitions between dark states can be generated by only one of the operators J x and J y . Suppose that J y transforms between dark states, J y |D i = |D j , (i = j). Together with Implementation with trapped ions.-Below we present an implementation of the scheme with a system of trapped ions. Although the suggested implementation is applicable to a variety of ionic systems, we focus on the calcium ion (see Fig. 1 ). Remarkably, the considered multi-state system is composed of multiple substates within a single level, specifically, the D 3/2 sublevels. Since the D 3/2 states have a lifetime of ∼ 1 second, we consider their subspace to be the protected subspace. Please note that a very similar level structure exists for the barium ion with a longer lifetime of ∼ 20 seconds. For simplicity we will use the nota-
; m i and s 1/2+mi ≡ S 1/2 ; m i . The definition of the protected subspace given by Eq. (1) results in the two dark states (see [22] )
where it can be seen that the average magnetic moment for each state vanishes. These two orthonormal dark states can serve as a basis for a qubit memory. The D 3/2 degeneracy is removed by applying a constant magnetic field along theẑ axes which results in an energy gap of g J B between any two adjacent energy levels, where g J = 4 5 is the Landé g-factor. A large enough |B| such that |g J B| is much larger than the characteristic frequency of the noise, ensures that the dark states are also immune to J x and J y noise. We now describe the driving Hamiltonian, states. We reduce this undesirable effect by creating an energy gap between the two P 1/2 states. This energy gap is achieved by the on-resonance coupling of the |s 0 and |p 1 states, and as a consequence, the driving fields of the first (second) dark state operate on the second (first) dark state with a detuning of ∆2 = Ω + Fig. 2 ).
In the interaction picture and in the rotating wave approximation (RWA) the total driving Hamiltonian is given by
This Hamiltonian has two eigenstates with zero eigenvalues, which are the desired dark states given by Eq. (2) , and four bright eigenstates whose eigenvalues are equal to ±Ω 1 [22] .
So far we have discussed the construction of the protected subspace. In the following we estimate the lifetime, T 1 , and the coherence time, T 2 , of the dark states. The lifetime can be affected by the energy shifts caused by the driving fields of the other dark state, and the coherence time can be affected by the fluctuations of these energy shifts. The fluctuations in the energy shifts cause dephasing at a rate equal to the power spectrum of the noise at zero frequency. For the first dark state, |D 1 , an energy shift fluctuation can also occur due to fluctuations of the driving field creating the energy gap between the two P 1/2 states. Calculation of these energy shifts and 
Both ∆E 1 and ∆E 2 are of the order of
Ω , which for typical experimental setups is
= 10Hz. These energy shifts correspond to a small modification of the dark states, The T 2 time can be affected by the fluctuations of ∆E1 and ∆E2. For the above experimental parameters 22, 24] . As this bound is even larger than T 1 , we conclude that the fluctuations in the driving fields do not reduce the T 2 time. In addition, relative amplitude and phase fluctuations will limit the T 2 time by
η 2 , where T * 2 is the coherence time of the bare states, and η is the rate of the relative amplitude fluctuations; since these are usually small we can neglect this correction.
Another source of noise comes from polarization imperfections. The typical experimental error in the polarization is ∼ 1%. This means that ∼ 1% of a σ + polarized beam is actually σ − polarized and vice versa, causing an error within the driving of each dark state (for example, 1% of the σ − beam which couples the |d 3 and |p 1 states is a σ + beam which couples the |d 1 and |p 1 states). The polarization errors also cause an energy shift and modify the dark state. However, an energy gap of ∼ 10Mhz between the D 3/2 states (due to the zeeman splitting) ensures that neither the T 1 time or the T 2 time are reduced [22] .
We have thus constructed a protected and robust qubit subspace with a lifetime and a coherence time which are almost identical to the D 3/2 lifetime, equaling approximately 0.9 seconds, while the T * 2 time is of the order of 1ms [25, 26] .
Initialization and single qubit gates.-By adding two extra laser beams, one that couples the |s 1 state to the |p 1 state, and the other that couples the |d 2 state to the |p 1 state (blues laser in Fig. 2 ), we can achieve optical pumping to the dark states |D 1 . This way, the dark state |D 2 is taken out of the protected subspace, but because of H d the state will eventually evolve to the dark state |D 1 . Another method of initialization is to optically pump into the |d 3 state, and then conduct a STIRAP procedure via a Raman transition.
We propose an experimentally simple method for the implementation of a single qubit σ y gate by applying a microwave field which is set to be on-resonance with the energy gap between the D 3/2 states (see Fig. 3 ). More specifically, the microwave field is tuned to apply the J y operator, as in our case [H d , J y ]|D i = 0. In the interaction picture and in the RWA the Hamiltonian of the single qubit gate is given by
which corresponds to the operator − i3Ωg 2 |D 2 D 1 | in the dark states basis [22] . In the Supplementary Material we explicitly show how to construct σ x and σ z gates, which allow for the implementation of any single qubit unitary operation [22] .
Interaction with a cavity mode.-One of the most important applications of robust quantum states is the implementation of a quantum memory. For this purpose, it is also necessary to have an efficient interaction between the robust states of the quantum memory and the mediating system which delivers the data to be stored and retrieved from memory. Here, we focus on the interaction of ions with a cavity mode, as several experimental investigations are currently exploring this situation [25] [26] [27] [28] [29] [30] . Such an interaction will not only allow for the implementation of a quantum memory but could also allow for multi-qubit gates where the interaction between different qubits is mediated via the cavity modes.
We begin by setting the cavity mode such that its frequency and polarization corresponds to the detuned coupling of the |d 1 state to the |p 1 state with the detuning δ to be specified below. In addition, we apply an external control field which corresponds to the detuned coupling of the |d 2 state to the |p 1 state with the same detuning δ and with a Rabi frequency Ω c such that δ Ω c g, where g is the rate describing the coupling between a single photon in the cavity mode to a single ion (see Fig. 3 ). This interaction couples the |d 1 and |d 2 states and results in the effective Hamiltonian
where a is the annihilation operator of the cavity mode. In the dark states basis the interaction, which is given
, couples a cavity mode to a robust qubit [22] . However, the strength of this coupling is usually weak compared to the cavity and an ion damping rates. That is, κ, γ 3gΩc 8δ , where κ is the cavity's damping rate and and γ = Note that by removing the control field we are left only with the coupling to the cavity mode which results in the Hamiltonian
in the dark states basis. As
a non-demolition measurement of the photon-number in the cavity can be done by a Ramsey spectroscopy experiment on the dark states [22] . This constitutes an alternative strategy to electron shelving based methods [32] . Discussion.-A scheme for robust qubits based on continuous dynamical decoupling was presented. The scheme is general in the sense that it can be applied to all systems satisfying Eq. (1), but in addition can have different characteristics. Unlike most commonly used methods, our scheme is applicable to systems with half integer total angular momentum.
Although our example utilizes the D 3/2 subspace, in principle, the scheme can also be applied to subspaces of a different total angular momentum, such as the D 5/2 subspace of the calcium ion. In this case, a protected qubit subspace can be achieved by first, an on-resonance J x coupling of all P 3/2 states (which results in four J x eigenstates) , and second, by the on resonance coupling of the |d 0 and |d 5 states to one of the above eigenstates (resulting in one dark state), and by the on resonance coupling of the |d 2 and |d 3 states to another J x eigenstate (resulting in a second dark state). The ability to couple negative angular momentum states with positive angular momentum states constitutes a necessary condition for satisfying Eq. (1).
The scheme was analyzed in detail for a system of trapped ions based on optical control, in which the quantum memory consists of a string of ions that could either exist on its own, or inside a larger crystal of a different species [31] . The simplicity of the scheme, which does not require complex laser pulses, enlarges the scope of quantum memories to laser control, and provides new perspectives for laser manipulations.
By combining the setup with a stripline resonator, a conversion between an optical photon to a microwave photon could be achieved. Our scheme can also be realized with barium ions which have a lifetime of ∼ 20 seconds. Such a long lifetime would enable a relaxation of the requirements on the number of ions and the cavity damping rate, resulting in a simpler experimental realization, and would also increase the storage time by one further order of magnitude.
Acknowledgements. , where g is the rate of the noise and τc is the correlation time of the noise. A lower bound on T2 is given by 1/g, which is achieved for a long τc (τc = T2). 
SUPPLEMENTARY MATERIAL
In what follows we present detailed derivations of the results concerning the implementation of the scheme with a system of trapped ions.
CONSTRUCTION OF DARK STATES
We consider the subspace of the D 3/2 level of the calcium ion as a basis for the protected subspace. Under the Zeeman splitting, we assume that the noise operating on the system is generally given by f (t)J z , where f (t) is some random function of time. Hence, the Hamiltonian describing the noise is given by
Define the dark states |D 1 = α |d 1 + β |d 3 and |D 2 = γ |d 0 + δ |d 2 , where |α| 2 + |β| 2 = |γ| 2 + |δ| 2 = 1, and their orthogonal bright states, D
The definition of the protected subspace (Eq.(1) in the main text) implies that H noise |D i = 0 and H d |D i = 0, where H d is the continuous driving Hamiltonian. The first requirement suggests that
and hence, we must have that |α| 2 = 3 |β| 2 . Recall that we assume (by construction) that the rate of transitions from H D to H ⊥ due to noise is negligible , and therefore we neglect the off-diagonal terms. Similarly,
and hence, we must have that |δ| 2 = 3 |γ| 2 . The relative phases of the dark states are now determined by the second requirement, H d |D i = 0. In our example H d = H d1 + H d2 , where H d1 and H d2 are generally given by (in the interaction picture (IP) and in the rotating wave approximation (RWA), as will be derived below)
From the second requirement, H d |D i = 0, it then follows that
and
We conclude that the dark states, which satisfy the requirements of a protected qubit subspace are
Setting Ω 3 = Ω 1 , we have that
Denote by ∆,B, and Ω the energy gap between the |d 3 and |p 1 states, the amplitude of the static magnetic field, and the energy gap between the |p 0 and |p 1 states (which is introduced by an on-resonance coupling of the |s 0 and |p 1 states) respectively, and note that the Land g-factor is g J = 4 5 . We then have that
and hence,
Moving to the IP with respect to H 0 d1 and H 0 d2 , and making the RWA we arrive at Eq. (13),
where
Note that the unitary transformations which takes from the {|d 1 , |d 3 , |p 1 } basis to the {|D 1 , |B 1 , |C 1 } basis, and from the {|d 0 , |d 2 , |p 0 } basis to the {|D 2 , |B 2 , |C 2 } basis are given
respectively.
ESTIMATION OF THE T1 AND T2 TIMES
The effect of all driving fields and their fluctuations
In this section we derive estimations for the lifetime T 1 and the coherence time T 2 of the dark states. Since the driving fields operate on all of the D 3/2 states, the driving fields of each dark state also operate on the sub-levels of the other dark state. For this reason we introduce the energy gap between the two P 1/2 states. However, the driving fields of each dark state still cause a small energy shift to the other dark state and slightly modify it, which may reduce the T 1 time. Fluctuations in these energy shifts, caused by intensity fluctuations of the driving fields, may also reduce the T 2 time. In addition, for the first dark state |D 1 energy fluctuations also occur due to intensity fluctuations of the |s 0 and |p 1 coupling field. In order to obtain an upper bound of T 1 and T 2 , we take the worst case scenario of a 1% fluctuation of all driving fields [1] . This leads to
where ∆1 and ∆2 are the detunings (see Fig. 2 in main text). We assume that the two driving fields of each dark state have the same source, and thus, intensity fluctuations of these driving fields do not cause an energy shift to that dark state and do not modify it. Moving to the dark states basis in the IP and taking the RWA, we have that
We now move again to the IP with respect to H 
In first order of
|∆2| , the coupling of the dark states to the |B i and |C i states results in the (maximal) energy shifts
and their (maximal) fluctuations ∆ (∆E 1 ) = 2 400
The energy shifts correspond to a small modification of the dark states, taking |D i to √ 1 − |D i + √ |ϕ i , where |ϕ i ∈ H ⊥ . In the first order of Ω1 ∆1 2 and Ω1 ∆2 2 we find that i = 1 2 Ω1 ∆i 2 . Taking into account that the probability to be in a P 1/2 state given that the ion is in a |B i or a|C i state is 1 2 , and setting Ω 1 ∼ 10 5 Hz and Ω ∼ 10 9 Hz, the lifetime is given by
where Γ P 1/2 and Γ D 3/2 are the decay rates of the P 1/2 and the D 3/2 states respectively. The T 2 time can potentially be reduced due to the fluctuations of the energy shifts. We estimate the rate of relative phase fluctuations by ∆(∆E 1 − ∆E 2 ) ∼ 
As this bound is larger than the T 1 time we conclude that the T 2 time is not reduced by fluctuations of the energy shifts.
Polarization Errors
Another source of noise is that of polarization imperfections. The typical experimental error in the polarization is ∼ 1%. This means that ∼ 1% of a σ + polarized beam is in fact σ − polarized and vice versa, causing an error within the driving of each dark state. In order to analyze this effect we take
and proceed in the same manner as in the previous subsection. We conclude that setting the intensity of the static magnetic field such that the energy gap between two adjacent D 3/2 sub-levels is ≥ 10 6 Hz ensures that the T 1 and T 2 times are not reduced.
Spatial variations in the intensity of fields
For the purpose of an interaction with a cavity mode we consider a chain of ions which is located within the cavity. This opens the door for another source of errors which is spatial variations in the intensity of the fields. Spatial variations in the intensity of the dark states' driving fields will only introduce small modifications of the energy gaps between the dark states and the bright states, which will be too small to cause a dephasing of the dark states. In order to analyze the effect of spatial variations in the intensity of the static magnetic field we consider the case where the magnitude of the magnetic field, B, is changed to B ± δB, and thus take
and proceed in the same manner as in the previous subsections. We conclude that a variation in the magnitude of the magnetic field does not introduce an energy shift to the dark state. In first order of δ, the energy shifts of the |B i and |C i states is ∼ δB Ω 1 . In agreement with the previous subsection, setting the intensity of the static magnetic field such that the energy gap between two adjacent D 3/2 sub-levels is ∼ 10 6 Hz, and taking care that (which we estimate to be feasible experimentally) ensures that the T 1 and T 2 times are not reduced.
SINGLE QUBIT GATES
In this section we discuss the construction of single qubit gates. As mentioned in the main text our construction allows for a direct rotation around one axes only. Rotations around other axes, or the introduction of an arbitrary relative phase are possible to achieve by other methods . In subsection A we derive the direct σ y gate. In subsection B we show how to implement a σ x gate. In subsection C we show how to construct a σ z gate. In addition, in section we show how an arbitrary relative phase can be presented by utilizing a cavity-based method.
Direct σy gate
We propose to implement a qubit rotation by applying a microwave field, which is set to be on resonance with the (Zeeman) energy gap of the D 3/2 sub-levels. Specifically, we set the microwave such that it applies the J y operator (recall that [H d , J y ] |D i = 0 but [H d , J x ] |D i = 0 ). The Hamiltonian of this single qubit gate is given by
Moving to the dark states basis in the IP and taking the RWA (with respect to the energy gap due to the zeeman splitting), we have that
|D 2 D 1 | + h.c.
and hence, we see that H I g operates within the protected subspace and corresponds to the rotation operator
σx gate
In this subsection we derive an effective σ x gate. This is achieved by introducing a second order coupling between the |d 1 and |d 2 states. We apply two control fields. The first field corresponds to a detuned coupling of the |d 1 state to the |p 1 state with a detuning δ, and the second field corresponds to the detuned coupling of the |d 2 state to the |p 1 state with the same detuning δ. The Rabi frequency of both coupling fields is 2Ω cont such that δ Ω cont . Denoting by ω p1d2 the rate corresponding to the energy gap between the |d 2 and the |p 1 states, and by ω 1 and ω 2 the frequencies of the control fields, we begin with the Hamiltonian 
For δ Ω cont the effect of this Hamiltonian is to induce a Raman transition [2] :
Moving to the dark states basis, and neglecting all terms which couple a dark state to a non-protected state, we find that
Together with the above σ D y gate, a σ D z gate can also be implemented, and hence, any single qubit unitary operation may be performed.
